We study the theory and practical implementation of dynamic procurement auctions. We consider the procurement of many related items. With many related items, price discovery is important not only to reduce the winner's curse, but more importantly, to simplify the bidder's decision problem and to facilitate the revelation of preferences in the bids. Three auction formats are considered: simultaneous descending auctions are preferred if the items are not divisible, simultaneous clock auctions are desirable for procuring many divisible goods, and the clock-proxy auction is best if complementarities among items are strong and varied across the suppliers. We examine the properties of these auctions and discuss important practical considerations in applying them.
Introduction
Procurements for many related items are commonplace. Dynamic auctions have many advantages in such environments. We consider both the purchase of many related items as well as the purchase of many divisible goods, such as energy products or environmental allowances. In such auctions, the bids specify quantities of each of the items: the megawatt-hours of electricity or the tons of emissions. Often, related goods are-or could be-auctioned at the same time. In electricity markets, products with several durations or locations may be auctioned together. In environmental auctions, emission reductions for each of several different pollutants or time periods may be bought at the same time. This article explores how procurement auctions for many divisible or indivisible goods should be conducted. Of course the answer depends on the objective of the buyer and the bidding environment. 1 Here we focus on a few of the important issues of auction design in a setting where the buyer cares about some combination of efficiency (procuring the goods from the lowest-cost suppliers) and minimization of the payment for purchasing the goods. Our purpose is to motivate a sensible design in a realistic environment, rather than to prove the optimality of a particular design, which would require more restrictive assumptions than we care to make.
One of the initial design decisions is whether to conduct a static (sealed-bid) or dynamic (descending-bid) auction. A frequent motivation for the use of dynamic auctions is reducing common-value uncertainty, thereby enabling bidders to bid more aggressively with less fear of the "winner's curse." However, in the context of buying many goods, the price discovery of a dynamic auction plays another, often more important, role. By seeing tentative price information, bidders are better able to make decisions about the quantity of each good to sell. This is particularly useful because the goods being procured are related. Some may be substitutes; others may be complements in production. Bidding in the absence of price information makes the problem much more difficult for bidders. Furthermore, practical constraints can make bidding in a sealed-bid auction exceedingly difficult unless the auctioneer allows the bidders to express these constraints in their sealed bids; whereas, in a dynamic auction, the bidder can see tentative prices and assignments, allowing the bidder to make decisions that are consistent with the bidder's constraints.
The case for dynamic auctions is further strengthened when we recognize that it is costly for bidders to determine their preferences. A dynamic auction, by providing tentative price information, helps focus the bidder's decision problem. Rather than consider all possibilities from the outset, the bidder can instead focus on cases that are important given the tentative price and assignment information. Although this point is already valid in auctions for a single good (Compte and Jehiel 2002) , it becomes more critical in the context of many goods, where the bidder's decision problem is much more complicated. Rather than simply decide whether to supply, the bidder must decide which goods to supply and what quantity of each. The number of possibilities grows exponentially with the number of goods. Determining costs and then bids for each of these possibilities is difficult at best; whereas, in the presence of transparent price information the decision problem becomes relatively more straightforward.
Given the increased importance of price discovery when auctioning many divisible or indivisible goods, we focus on dynamic auctions. The question then becomes: How can the auction designer best promote effective price discovery? For divisible goods, simultaneous clock auctions are both effective and simple. In a simultaneous clock auction, there is a price "clock" for each divisible good indicating its tentative price per unit quantity. Bidders express the quantities they wish to supply at the current prices. The price is decremented for goods with excess supply, and bidders again express the quantities they wish to supply at the new prices. This process repeats until supply is made equal to demand. The tentative prices and assignments then become final. For indivisible goods, the simultaneous descending auction may be preferred, especially if the number of items is large. The simultaneous descending auction is analogous to the simultaneous ascending auction used by the U.S. Federal Communications Commission and other countries for selling radio spectrum. The only difference between the simultaneous descending auction and a clock auction is that in the simultaneous descending auction, the bidders specify both a price and quantity for each item they wish to supply. In the clock format, the auctioneer names prices and the bidders only express quantities at the announced prices.
We begin with two stylized models that abstract away from many of the complicating practical details. In each, we assume that there is a continuum of bidders, so that market power considerations can be ignored. We also assume that the bidding occurs in continuous time, avoiding issues arising from discreteness. We show that the equilibrium outcome of the auction coincides with the competitive equilibrium of the model and attains full efficiency. In this sense, the simultaneous clock auction brings to life the "Walrasian auctioneer" often used to motivate the competitive equilibrium.
We then turn to practical considerations that need to be addressed in any real-world situation.
Discrete rounds, rather than bidding in continuous time, imply that issues of bid decrements, ties, and rationing become significant. We argue that this complication is best handled by utilizing "intra-round bids," allowing bidders in each round to express their supply curves along a line segment between the starting and ending price vector for the round. Allowing a rich expression of preferences within a round makes bid decrements, ties, and rationing less important. Since preferences for intermediate prices can be expressed, the efficiency loss associated with the discrete decrement is less, so the auctioneer can choose a larger bid decrement, resulting in a faster and less costly auction process.
Natural linkages among goods often exist in practice. For example, in the case of an auction of electricity capacity, the goods may differ by the duration of the contract (e.g., three months, one year, or multiple years). Such products are natural substitutes: a two-year contract is simply a sequence of two one-year contracts. Hence, the relative prices of such products are closely related. The auction can exploit this linkage by enhancing substitution possibilities across these products.
Market power is a final practical consideration. Although some auction settings approximate the ideal of perfect competition, most do not. The auction design needs to address limited competition. Three useful instruments are information policy, reserve pricing and efficient pricing. By controlling the information that bidders receive, the auctioneer can enhance price discovery while limiting the scope for collusion. Reserve pricing serves two roles, providing price discipline in the absence of competition and discouraging collusion by limiting the maximum gain from successful collusion. Finally, since uniform pricing inevitably leads to supply reduction , the resulting inefficiency can be avoided by instead using the efficient pricing rule of the Ausubel (2004) auction.
We now address each of these issues in detail. Section 2 briefly outlines the simultaneous descending auction, which is suitable for the purchase of many related discrete items. The remainder of the chapter focuses on clock auctions, which are best suited for the procurement of divisible goods. Section 3 develops theoretical results in a continuous-time model with perfect competition. The chapter then turns to considerations of practical implementation, treating discrete rounds (Section 4), natural linkages among goods (Section 5) and limited competition (Section 6). Finally in Section 7 we describe the clock-proxy auction, which is a practical method for procuring many related goods in a package auction.
Simultaneous descending auction
One of the most successful methods for auctioning many related items is the simultaneous ascending auction-and its counterpart for procurement, the simultaneous descending auction. This auction form was first developed for the U.S. Federal Communications Commission's spectrum auctions, beginning in July 1994, and has subsequently been adopted with slight variation for dozens of spectrum auctions worldwide, resulting in revenues in excess of $200 billion. The method, first proposed by Paul Milgrom, Robert Wilson and Preston McAfee, has been refined with experience, and extended to the sale or purchase of divisible goods in electricity, gas, and environmental markets. Here we describe the method and its extensions.
The simultaneous descending auction is a natural generalization of the English auction when procuring many goods. The key features are that all the goods are purchased at the same time, each with a price associated with it, and the bidders can bid on any of the items. The bidding continues until no bidder is willing to reduce the price on any of the items. Then the auction ends with each bidder supplying the items on which it has the low bid, and is paid its bid for any items supplied.
The reason for the success of this simple procedure is the excellent price discovery it affords. As the auction progresses, bidders see the tentative price information and condition their subsequent bids on this new information. Over the course of the auction, bidders are able to develop a sense of what the final prices are likely to be, and can adjust their purchases in response to this price information. To the extent price information is sufficiently good and the bidders retain sufficient flexibility to shift toward their best package, the exposure problem 2 is mitigated-bidders are able to piece together a desirable package of items, despite the constraint of bidding on individual items rather than packages. Moreover, the price information helps the bidders focus their efforts on estimating their production costs only in the relevant region of the price space.
To further mitigate the exposure problem, most simultaneous descending auctions allow bidders to withdraw bids. This enables bidders to back out of failed aggregations, shifting bids to more fruitful packages.
However, we find that bid withdrawals often facilitate undesirable gaming behavior, and thus the ability to withdraw bids needs to be constrained carefully. It is our view that price discovery-not bid withdrawal-is the more effective limit on the exposure problem in simultaneous descending auctions.
There is substantial evidence that the simultaneous ascending auction design has been successful. Cramton (1997) provides a detailed examination of the early FCC spectrum auctions. The auction format performed well on both revenue and efficiency grounds. Although there is less experience with the simultaneous descending auction in procurement, the limited evidence that we do have is promising, and there is no reason to think that the positive results for auctions to sell would not carry over to the procurement context. By revealing information in the auction process, bidder uncertainty is reduced, and the bidders safely can bid more aggressively. Also, costs may decrease to the extent the design enables bidders to piece together packages of items that they can more efficiently supply.
Despite the general success, the simultaneous descending auctions have experienced a few problems from which one can draw important lessons. One basic problem is the simultaneous descending auction's vulnerability to cost-increasing strategies in situations where competition is weak. Bidders have an incentive to reduce their supply in order to keep prices high, and to use bid signaling strategies to coordinate on a split of the items.
We begin by motivating the design choices in a simultaneous descending auction. Then we describe typical rules, including many important details.
Auction design
The critical elements of the simultaneous descending auction are (1) open bidding, (2) simultaneous purchase, and (3) no package bids. These features create a Walrasian tatonnement process that yields a competitive equilibrium provided (1) items are substitutes, (2) bidders are price takers, and (3) bid increments are negligible (see Milgrom 2004 , as well as the next section of this chapter). Of course, these conditions do not hold in practice. Some degree of market power is common, at least some items are complements, and bid decrements in the 5 to 10 percent range are required to get the auction to conclude in a manageable number of rounds.
Still the simultaneous descending auction does perform well in practice largely because of the benefits of price discovery that come from open bidding and simultaneous sale. These benefits take two forms. First, in situations where bidder costs are affiliated, price discovery may mitigate the winner's curse and thereby reduce procurement costs (Milgrom and Weber 1982) . Bidders are able to bid more aggressively, since they have better information about the item's value. More importantly, when many items are purchased, the price discovery lets bidders adapt their bidding and analysis to the price information, which facilitates the aggregation of a complementary package of items to supply. for a synergistic combination is risky. The bidder may fail to supply key pieces of the desired combination, but receive payment based on the synergistic reduction in costs. Alternatively, the bidder may be forced to bid below its costs in order to secure the synergies and reduce its loss from being stuck with costly individual items. Individual bidding exposes bidders seeking synergistic combinations to aggregation risk.
Not allowing package bids can create inefficiencies. For example, suppose there are two bidders to supply two items, which the buyer values at $150 for the two items together. One supplier has a technology which can produce both items for a cost of $100, but cannot produce a single item. Thus, it costs her $100 to supply both items, and it also costs $100 to supply just one; the items are perfect complements. The second supplier uses a different technology, which allows her to supply either item, but only one item at a cost of $25; the items are perfect substitutes. Note that the efficient outcome is for the first bidder to supply both items at a total cost of $100. Yet any attempt by the first bidder to supply both is foolhardy. The first bidder would have to drop its bid to $25 on each item in order to be selected to supply both, but then the bidder would be paid only $50 and have costs of $100. The only equilibrium is for the second bidder to provide a single item at the opening price.
The outcome is inefficient, and fails to procure the required items.
This example is extreme to illustrate the exposure problem. The inefficiency involves large bidderspecific complementarities and a lack of competition.
Unfortunately, allowing package bids creates other problems. Package bids may favor large suppliers due to a variant of the threshold problem. Continuing with the last example, suppose that there is a third bidder who has a cost of $60 to supply either item. Then the efficient outcome is for the individual bidders to provide both items, resulting in total costs of 25 + 60 = $85 < $100. But this outcome may not occur when costs are privately known. Suppose that the second and third bidders have placed individual bids of $65 on each of the two items, but these bids are beaten by a package bid of $110 from the first bidder. Each bidder hopes that the other will bid lower to beat the package bid. A reduction of at least $20 is required from the individual bidders.
However, the second bidder has an incentive to overstate her costs. She may refrain from bidding, counting on the third bidder to break the threshold of $110. But the third bidder cannot come through, so the auction ends with the first bidder supplying both items for $110.
Package bidding also adds complexity. Unless the complementarities are large and heterogeneous across bidders, a simultaneous descending auction without package bids may be preferred.
Typical rules
The simultaneous descending auction works as follows (see Cramton 2006 for details) . A group of items with strong cost interdependencies are up for auction at one time. A bidder can bid on any collection of items in any round, subject to an activity rule which determines the bidder's current eligibility. The auction ends when a round passes with no new bids on any item. This auction form was thought to give the bidders flexibility in expressing costs and building packages of items. Common rules are described below.
Quantity Cap. To promote competition in the supply chain, a bidder often is limited in the quantity it can supply.
Payment Rules. Often suppliers will be required to post a bid bond, or pass some credit review process.
The bid bond and credit review typically defines the bidder's maximum eligibility. A bidder interested in supplying a large quantity of items would have to post a large bid bond. The bid bond provides some assurance that the bids are serious. Suppliers are paid at the time of delivery.
Minimum Bid Decrements.
To assure that the auction concludes in a reasonable amount of time, minimum bid decrements are specified. Bid decrements are adjusted in response to bidder behavior. Typically, the bid decrements are between 5 and 20 percent.
Activity Rule. The activity rule is a device for improving price discovery. It forces a bidder to maintain a minimum level of activity to preserve its current eligibility. As the auction progresses, the activity requirement increases, reducing a bidder's flexibility. The lower activity requirement early in the auction gives the bidder greater flexibility in shifting among packages early on when there is the most uncertainty about what will be obtainable.
Number of Rounds per Day.
A final means of controlling the pace of the auction is the number of rounds per day. Typically, fewer rounds per day are conducted early in the auction when the most learning occurs. In the later rounds, there is much less bidding activity, and the rounds can occur more quickly.
Stopping Rule. A simultaneous stopping rule is used to give the bidders maximum flexibility in pursuing backup strategies. The auction ends if a single round passes in which no new bids are submitted on any item.
Bid Information. The most common implementation is full transparency. Each bidder is fully informed
about the identities of the bidders and the eligibility of each bidder. Low bids and bidder identities are posted after each round. In addition, all bids and bidder identities are displayed at the conclusion of each round, together with each bidder's eligibility.
Bid Withdrawal. To limit the exposure problem, the low bidders can withdraw their bids subject to a bid withdrawal penalty. If a bidder withdraws its low bid, the auctioneer is listed as the low bidder and the maximum bid is the second-lowest bid for that item. The second-lowest bidder is in no way responsible for the bid, since this bidder may have moved on to other items. If no firm bids on the item, the auctioneer can increase the maximum bid. To discourage insincere bidding, there are penalties for withdrawing a low bid. The penalty is the larger of 0 and the difference between the final purchase price and the withdrawn bid. This penalty is consistent with the standard remedy for breach of contract. The penalty equals the damage suffered by the buyer as a result of the withdrawal.
We now turn to the clock format for procuring divisible goods.
Procuring many divisible goods in the absence of market power
In this section, we specify two economic models in which the simultaneous clock auction can be shown to yield desirable outcomes. The final prices of the auction correspond to the competitive equilibria of the models, and the allocations are therefore efficient. The models abstract from reality in their use of a continuum of bidders (justifying price-taking behavior) and continuous time (allowing the price adjustment processes to converge perfectly).
A buyer wishes to procure units of each of K different goods from a continuum of bidders. The bidders are The following auction procedure is followed:
• The auctioneer announces a price vector p;
• Bidders report supplies s i (p);
• The auctioneer adjusts the price vector according to Walrasian tâtonnement; and
• The process repeats until the price vector converges.
We have the following result for Model I: 
Define the following Lyapunov function: It is not necessary for the goods to be substitutes, in order for a simultaneous clock auction to yield the desired outcome. Indeed, in the second model developed, the goods can be supplied in fixed coefficients-a most extreme form of complements. This result may appear counterintuitive in view of the literature on the Walrasian tâtonnement process. However, it should be emphasized that this traditional price adjustment literature proceeds with one hand tied behind its back; the adjustment process is restricted to depend only on the excess demand or excess supply function, that is, to take a form that is economically plausible in the absence of any auctioneer. By contrast, for current purposes, there is assumed to be a real auctioneer, who we allow to exploit any information generated by the auction process (e.g., the gradient of the excess demand or excess supply function) to facilitate convergence.
In Model II, we will again posit a continuum of bidders and we will require that a unique competitive equilibrium exists. This time, we make assumptions on the aggregate supply function ( ) 
Assumption (A3') states that there is always a direction in which one can adjust price such that specified components of aggregate supply remain constant while the remaining components decrease at a rate bounded away from zero. An example of a model that satisfies these conditions is a model where K = 2 and each of the bidders has Leontief (i.e., fixed coefficient) preferences, and where the fixed coefficients for providing the two goods are in different ratios for different bidders. In such a model, it will generally be possible to raise the price of one good while lowering the price of the other good in such a way that the aggregate supply for the first good is constant but the aggregate supply for the second good decreases.
An auction procedure similar to that used for Model I may be followed, except that a different price adjustment process is used. We have the following result for Model II: THEOREM 2. In Model II, with an appropriate price adjustment process, sincere bidding by the bidders is an equilibrium of the auction game and, starting from any price vector with positive excess supply for every good, the outcome converges to the competitive equilibrium.
PROOF. Begin by decreasing the price of every good until some good clears. Inductively, let J denote the set of goods that have already cleared. Then adjust the prices so that the aggregate supplies of all goods in J remain constant, while the aggregate supplies of all goods in K \ J decrease. Assumption (A3') guarantees that it is always possible to adjust prices in this way, decreasing the excess supply of all goods that have not yet cleared while maintaining market clearance for all goods that have already cleared. In finite time, some good / k K J ∈ will clear. Set J is then redefined to include good k, and the process is repeated. Clearly, all goods will clear in finite time.
REMARK. The adjustment process used in the proof of Theorem 2 is a simple version of the "sign process" of Laan and Talman (1987) . More complicated complements preferences can also be accommodated within their adjustment process.
Accommodating discrete rounds with intra-round bidding
Although in theory one can imagine implementing a descending clock auction in continuous time, this is hardly ever done in practice. Clock auctions inevitably use discrete rounds for two important reasons. First, communication is rarely so reliable that bidders would be willing to be exposed to a continuous clock. A bidder would find it unsatisfactory if the price clock swept past the bidder's willingness to provide the good because of a brief communication glitch. Discrete rounds are robust to communication problems. Discrete rounds have a bidding window of significant duration, rarely less than ten minutes and sometimes more than one hour. This window gives bidders time to correct any communication problems, to resort to back-up systems, or to contact the auctioneer and have the round extended. Second, a discrete round auction improves price discovery by giving the bidders an opportunity to reflect between rounds. Bidders need time to incorporate information from prior rounds into a revised bidding strategy. This updating is precisely the source of price discovery and its associated benefits.
An important issue in discrete-round auctions is the size of the bid decrements. Larger bid decrements enable the auction to conclude in fewer rounds, but they potentially introduce inefficiency from the use of a coarse price grid. Large decrements also introduce incentives for gaming as a result of the expanded importance of ties and rationing rules. But using small decrements especially in an auction with many clocks can greatly increase the number of rounds and, hence, the time required to complete the auction. Bidders generally prefer a shorter auction. A short auction reduces participation costs. A short auction also reduces exposure to price movements during the auction. This is especially relevant in securities and energy auctions for which there are active secondary markets in close substitutes, and for which underlying price movements could easily exceed the price decrements.
Fortunately it is possible to capture nearly all of the benefits of a continuous auction and still conduct the auction in a limited number of rounds, using the technique of intra-round bids.
4 With intra-round bids, bidders express their supply in each auction round at all price vectors along the line segment from the start-of-round price to the end-of-round price. In a traditional clock auction, price may decrease from say $11 to $10 in a round, but the bidder is only able to express the quantity it wishes to provide at $11 and at $10. With intraround bids, the bidder expresses the quantity it wishes to provide at all prices between $11 and $10. This avoids the inefficiency associated with a coarser price grid. It also avoids the gaming behavior that arises from the increased importance of ties and rationing with coarser prices. The only thing that is lost is the withinround price discovery. However, within-round price discovery is much less important than the price discovery that occurs between rounds.
More specifically, with intra-round bids, in each round, the auctioneer announces a start-of-round price and a (lower) end-of-round price. Each bidder then expresses its supply curve for all prices between the startof-round price and the end-of-round price. Supply curves are constrained to be increasing step functions: as the price falls, a bidder can maintain or decrease the quantity; the quantity cannot increase in response to lower prices. In every round, the bidder names the prices between the start-of-round and end-of-round prices at which it wishes to reduce its quantity. For example consider an energy auction where quantity is measured in megawatts (MW). Let $11.00 be the start-of-round price and $10.00 be the end-of-round price in round 6.
Suppose the bidder's quantity at $11.00 is 800 MW, and the bidder wishes to reduce quantity to 600 MW at 
end-of-round price
At the end of the round, the auctioneer forms the aggregate supply curve from the individual bids. Then, if there is excess supply at the end-of-round price, the auctioneer reports the excess supply at the end-of-round price and a new round begins. Otherwise, the auctioneer reports the clearing price and each bidder is informed of the quantity it is obligated to provide. Figure 2 shows a sample auction, which lasts six rounds. The auction begins with a starting price P0 = $20.00. At the end of round 1, no bidder reduced quantity, so the aggregate supply curve is vertical between P0 and P1. At P1, there is substantial excess supply indicated by the distance between the vertical demand curve and the aggregate supply curve. In each subsequent round, one or more bidders reduces quantity at prices between the start-of-round price and the end-of-round price, and the excess supply shrinks. As a result of the intra-round bidding, the reductions are at numerous prices and are small relative to the total demand. In round 6, the tentative end-of-round price is P6' = $10.00, but at this price, demand exceeds supply. Thus, the auctioneer backs up to the price P6 = $10.17 at which supply and demand intersect. The auctioneer reports that the auction concluded at the clearing price P6 = $10.17.
The experience from a number of high-stakes clock auctions indicates that intra-round bidding enables the auctioneer to conduct auctions with ten or more products in about ten rounds, with little or no loss from the discreteness of rounds. These auctions can be completed in a single day. By way of contrast, early spectrum auctions and some electricity auctions without intra-round bids took weeks or even months to conclude. In a few extreme instances, the longer duration was warranted due to the enormous uncertainty and extremely high stakes, but generally speaking, intra-round bids would have reduced the bidding costs without any meaningful loss in price discovery.
Exploiting the natural linkages among goods
The motivation for auctioning many products together is that the products are related. The bidders may view some of the goods as substitutes and others as complements. At the same time, there may be substitution possibilities as to what is procured in the auction. Given the natural linkages among goods, a second important issue in the implementation of a simultaneous clock auction is the amount of flexibility given to bidders in switching across products and to the buyer in the determination of supply.
Bidder flexibility
To promote price discovery, activity rules are generally imposed in clock auctions. The simplest clock auction is for a single homogeneous good. There, the activity rule takes the simple form of a monotonicity constraint: each bidder's quantity supplied is not permitted to increase as the price decreases, consistent with upward-sloping supply curves. Without the monotonicity constraint, a bidder might bid as a "snake in the grass"-grossly understating supply at high prices and then jumping in with large supply near the end of the auction. Widespread use of a snake-in-the-grass strategy would undermine the very purpose of utilizing a dynamic auction.
5 A monotonicity constraint prevents this form of strategic behavior, thus encouraging better price discovery and facilitating rapid convergence to equilibrium.
In situations with multiple goods that have relatively independent supply curves, a monotonicity constraint may be applied independently to each good. However, in situations where the interdependencies across goods are substantial, applying monotonicity constraints independently to each good may be overly restrictive. For example, if two products are close substitutes, it is natural for the bidder to supply the product with the more attractive price. Thus, the bidder may want to decrease the quantity she bids on the product with a faster falling price, and increase her quantity on the product with a slower falling price. Such bids would be excluded by the simplest application of monotonicity constraints.
In some applications, identifying and exploiting the natural linkages among goods may resolve these issues. Goods are organized into product groups. Substitute goods are assigned to the same group; while complementary goods are assigned to different groups. The activity rule is crafted to permit bidders to freely substitute among goods contained in the same product group. However, monotonicity is applied independently across groups, so that no substitution is permitted between products in different groups.
The quarterly Electricité de France (EDF) Generation Capacity Auctions, the first practical implementation of simultaneous clock auctions, has successfully taken this approach. Broadly speaking, two types of goods are offered: baseload capacity contracts; and peakload capacity contracts. These goods would be expected to be complements, since a new entrant in the French electricity market can best meet the needs of customers with a particular combination of baseload and peakload capacity. However, baseload and peakload capacity are each offered in multiple durations-three-month, six-month, one-year, two-year and three-year contracts, with the same starting date-and the various durations of the same type of contract are close substitutes. Consequently, the goods are organized into two product groups, each containing five products. Since the goods within a group are denominated in comparable units (MW of power), the activity rule applied to all products within a group is simply a monotonicity constraint on the sum of the respective supply curves. 
Supply flexibility
In many applications, the evident substitutability of goods makes it desirable to give flexibility to the buyer, as well as to bidders. For example, financial securities may be bought in a variety of durations, but the only real constraint on the buyer is that the total quantity bought must equal the buyer's total demand. Or energy products may be offered with a variety of delivery locations, but the principal requirement is again on the total quantity bought. The objectives of efficiency and revenue maximization are both served by allowing "the market to decide" the demand of each of the substitute products to be procured.
Again, the EDF auctions have successfully taken this approach. As described in Section 4.1, both baseload and peak capacity are offered in many durations. EDF recognized that different bidders would prefer different durations, but EDF did not have a reliable method for predicting the demands for the various durations other than through the auction itself. By way of contrast, EDF had excellent information about its own willingness to substitute quantities among durations, as a function of price.
Observe that, if both the supplies and the relative prices of the various durations were allowed to be determined endogenously, then the entire system would be underdetermined. Since the supplies were intended to be market driven and since the buyer's tradeoffs on price were well understood, the decision was made that the prices of the various products within a group would be linked together and would decrease in lockstep. (However, the prices associated with different product groups move independently of one another.) Before the start of the auction, the buyer determines an indifference table expressing the price differentials (i.e., a yield curve) amongst the various products within a group that would make the buyer indifferent between obtaining one product or another. With two product groups containing five products each, there are effectively just two clocks (baseload and peak), although ten prices, with the prices for each product group determined by the clock and the indifference table. The clearing condition is that the aggregate supply for each product group is no greater than the total demand. The bidders then determine endogenously the division of purchases across the various durations, contributing both to efficiency and to revenue maximization.
Addressing limited competition
In most auctions, competition is limited. Either the number of bidders is small or some bidders are significant in size relative to the auction volume. In these auctions, the auction designer needs to address the potential exercise of market power in the auction design. Three of the most important instruments available to the auction designer are: the information policy, the use of reserves, and the pricing rule.
Information policy
In a competitive auction, price is used to resolve the assignment problem. Those bidders willing to provide at lower cost, get to provide more. However, when there is a lack of competition, a major concern is that bidders will agree on a division of the goods by means other than the auction price.
Most spectrum auctions have used a fully transparent simultaneous ascending auction, in which the complete history of bids (including the identities of the bidders making the bids) has been reported after every some of the auctions, contracts with different starting dates have been offered as separate product groups. For further information, see EDF's website (www.edf.fr) and the sources listed in the introductory footnotes.
round. This has enabled bidders to adopt collusive strategies in spectrum auctions where competition was especially weak (Cramton and Schwartz 2002 , Brusco and Lopomo 2002 , Grimm, Riedel and Wolfstetter 2002 .
In clock auctions, a useful information policy for mitigating collusive possibilities is to report only the aggregate supply for the goods after each round. In many situations, the aggregate supply contains most of the information needed for price discovery. If, instead, the auctioneer revealed the individual supply curves of the bidders, this detailed information could be used to facilitate a coordinated reduction of supply at high prices. For example, the bidders might cooperatively reciprocate the quantity reductions of competitors, and punish those who do not reciprocate by shifting quantity toward products that the non-reciprocating bidder wishes to provide. In order to avoid such possibilities, in all real-world clock auctions of which we are aware, the auctioneer has reported only end-of-round aggregate demand or supply, and not the individual demands or supplies of bidders.
Reserve pricing
A reserve price is a second important instrument to address limited competition. It does this in two ways. First, it reduces the incentive for collusion by limiting the maximum gain from collusion. Bidders must provide the good at no higher than the reserve price no matter how effective their collusion. Second, the reserve price guarantees that the price paid by the buyer is not unreasonably high, even when competition is weak. Reserve prices are easily implemented in clock auctions. Most commonly, the initial clock price serves as a reserve. Bidders are not permitted to express supply at prices above the reserve.
Alternatively, the auctioneer can start the auction at a high price but apply a secret reserve. A given product does not clear until the supply is less than or equal to the demand and the reserve price (which is not announced) is met. This approach was applied successfully in the September 2003 EDF auction.
More generally, the buyer may wish to adjust demand in response to bids (Ausubel and Cramton 2004b; McAdams 2005) . In a clock auction, a demand adjustment is most easily accomplished by specifying an explicit downward-sloping demand curve. This has the effect of expanding the quantity demanded when there is ample competition, but reducing the quantity demanded (and implicitly introducing a reserve-like mechanism) when there is insufficient competition.
Efficient pricing
The pricing rule is a final instrument to address market power. Most auctions for divisible goods use uniform pricing: all units of a given product are bought at the same market-clearing price. The difficulty with this pricing rule is that it creates the incentive for bidders to engage in supply reduction-bidding a quantity less than true supply at every price . Moreover, the supply-reduction incentive increases in the quantity supplied: larger bidders shade more and smaller bidders shade less. This differential shading creates an inefficiency in which small bidders supply too much and large bidders supply too little.
This inefficiency can be completely avoided in a clock auction by making a simple change in the pricing rule, as proposed by Ausubel (2004 Ausubel ( , 2006 . For homogeneous goods, each unit is procured at the price at which it is "clinched," that is, at the point where it becomes mathematically impossible for the bidder not to be selected to provide the unit. For example, suppose that there are four identical items and three bidders, each offering to supply two units. If one bidder reduces its quantity bid from two units to one, then each of the other two bidders "clinches" one unit at the current clock price. The clock continues to descend in order to determine the allocation and price of the remaining two units. Under this modified rule, the clock auction yields the same pricing as in the (sealed-bid) Vickrey auction (Vickrey 1961) . Bidders now have an incentive to bid their true supply curves and an efficient allocation is obtained.
Although the Ausubel auction eliminates the assignment inefficiency created by supply reduction, it does not solve the revenue problems stemming from market power. Under either uniform or Vickrey pricing, bidders pay less when there is less competition. Hence, the other tools-information policy and reserve pricing-need to be used in combination with Vickrey pricing to address the revenue problems created by limited competition.
Clock-proxy auction
In settings where complementarities are both strong and varied across bidders, package bids are needed to improve the efficiency of the auction mechanism. In this section we describe the clock-proxy auction of Ausubel, Cramton and Milgrom (2006) as a practical package auction. A typical application is a procurement in which different bidders combine items in different ways. Some pairs of items may be substitutes and others may be complements. Indeed, a given pair of items may be substitutes for one bidder but complements for another, and may change between substitutes and complements for a single bidder as the prices of the other items change. The method combines two auction formats-the clock auction and the proxy auction-to produce a hybrid with the benefits of both.
The clock auction is just as described earlier: an iterative auction procedure in which the auctioneer announces prices, one for each of the items being procured. The bidders then indicate the quantities of each item that they wish to provide at the current prices. Prices for items with excess supply then decrease, and the bidders again express quantities at the new prices. This process is repeated until there are no items with excess supply.
The descending proxy auction is a particular package bidding procedure with desirable properties (see Milgrom 2002, 2006a) . In the procurement context, the bidders report their true costs to their respective proxy agents. The proxy agents iteratively submit package bids on behalf of the bidders, selecting the best profit opportunity for a bidder given the bidder's inputted costs. The auctioneer then selects the provisionally winning bids that minimize costs. This process continues until the proxy agents have no new bids to submit.
The clock-proxy auction is a hybrid auction format that begins with a clock phase and ends with a final proxy round. First, bidders directly submit bids in a clock auction, until there is no excess demand for any item. Then bidders have a single opportunity to input proxy values. The proxy round concludes the auction.
All bids are kept live throughout the auction. There are no bid withdrawals. The bids of a particular bidder are mutually exclusive. There is an activity rule throughout the clock phase and between the clock phase and the proxy round.
There are three principal motivations behind the clock-proxy auction. First, Porter et al. (2003) describe a particular version of a "combinatorial" clock auction, and they provide experimental evidence in its support.
Second, the recent innovation of the proxy auction provides a combinatorial auction format suitable for related items. Unlike pure clock auctions, whose anonymous linear prices are not generally rich enough to yield efficient outcomes even with straightforward bidding, the proxy auction leads to efficient outcomes and it yields competitive revenues when bidding is straightforward. It also has some desirable individual and group incentive properties. However, the theoretical development of the proxy auction treats only a sealed-bid procedure, omitting opportunities for bidder feedback and price discovery. Third, the empirical success of the simultaneous clock auction in the field suggests that the clock phase would be a simple and effective device for providing essential price discovery in advance of a final proxy round. During the clock phase, bidders learn approximate prices for individual items as well as packages (summing the individual prices). This price information helps bidders focus their cost analysis on packages that are most relevant.
The clock-proxy auction has important advantages over the simultaneous descending auction described earlier. The simultaneous descending auction performs well when items are substitutes and competition is strong. The clock phase by itself also does well in this simple setting and, in particular, the outcome is similar to that of a simultaneous descending auction. However, the addition of the proxy auction round should be expected to handle complications, such as complements, collusion, and market power, much better than the simultaneous descending auction. In environments where such complications are present, the clock-proxy auction is likely to outperform the simultaneous descending auction both on efficiency and procurement cost.
Proxy phase
Since the clock phase has already been described at length, it remains to describe the proxy phase. Like the clock auction, the proxy auction is based on package bids. However, the incentives are quite different. The main difference is the absence of anonymous linear prices on individual items. Only packages are priced-and the prices may be bidder specific. This weakens price discovery, but the proxy phase is not about price discovery. It is about providing the incentives for efficient assignment. All the price discovery occurs in the clock phase. The second main difference is that the bidders do not bid directly in the proxy phase. Rather, they submit costs to the proxy agents, who then bid on their behalf using a specific bidding rule. The proxy agents bid straightforwardly to maximize profits. The proxy phase is a last-and-final opportunity to bid.
The proxy auction works as follows (see Milgrom 2002, 2006a) . Each bidder reports its costs to a proxy agent for all packages that the bidder is interested in supplying. The proxy agent then bids in a descending package auction on behalf of the real bidder, iteratively submitting the allowable bid that, if accepted, would maximize the real bidder's profit (price minus cost), based on the reported costs. The auction in theory is conducted with negligibly small bid decrements. After each round, provisionally winning bids are determined that minimize the buyer's cost from compatible bids. All of a bidder's bids are kept live throughout the auction and are treated as mutually exclusive. The auction ends after a round with no new bids (see Hoffman et al. 2006 and Day and Raghavan 2004 for practical methods to implement the proxy phase).
The advantage of this format is that it ends at a core allocation for the reported preferences. Denote the coalition form game (L, w) where L is the set of players (l = 0 is the buyer and the rest are the bidders) and w(S) is the value of coalition S. Let X denote the set of feasible allocations ( ) l l L x ∈ . If S excludes the buyer, then w(S) = 0; if S includes the buyer, then
The Core(L,w) is the set of all imputations π (payoffs imputed to the players based on the allocation) that are feasible for the coalition of the whole and cannot be blocked by any coalition S; that is, for each coalition
Theorem Milgrom 2002, Parkes and Ungar 2000) . The payoff vector π resulting from the proxy auction is a core imputation relative to the reported preferences:
Core outcomes exhibit a number of desirable properties, including: 1) efficiency, and 2) competitive revenues for the seller. Thus, the theorem shows that the proxy auction is not subject to the inefficiency of supply reduction: no bidder can ever reduce the price it pays for the package it wins by withholding some of its losing bids for other packages. The theorem also includes the idea that the seller earns competitive revenues: no bidder or coalition of bidders is willing to bid less to supply the buyer's goods. Ausubel and Milgrom (2002, Theorems 2 and 14) establish the core outcome result, whereas Parkes and Ungar (2000, Theorem 1) independently demonstrate the efficiency of outcomes of an ascending proxy auction without addressing the issue of the core.
A payoff vector in the core is said to be bidder optimal if there is no other core allocation that all bidders prefer. If the items are substitutes, then the outcome of the proxy auction coincides with the outcome of the Vickrey auction and with the unique bidder-optimal point in the core. If the goods are not substitutes, then the Vickrey payoff is not generally in the core and the proxy auction yields an outcome with lower buyer cost.
Theorem (Ausubel and Milgrom 2002) . If π is a bidder-optimal point in the Core (L,w) , then there exists a full-information Nash equilibrium of the proxy auction with associated payoff vector π.
These equilibria may be obtained using strategies of the form: bid your true cost plus a nonnegative constant on every package. We emphasize that this conclusion concerns full-information Nash equilibrium: bidders may need to know π to compute their strategies.
Two important advantages of the proxy auction over the Vickrey auction are that the prices and revenues are monotonic (increasing the set of bidders leads to lower prices) and the payoffs are competitive. See Ausubel and Milgrom (2006b) .
Further details of the clock-proxy auction are described in Ausubel et al. (2006) .
Conclusion
A simultaneous descending auction is a powerful tool to procure many related items. When the items are divisible goods, a clock auction format is best. The auctioneer announces a price for each good, and bidders express the quantities of goods that they wish to provide at the current prices. The prices of the goods are decremented in relation to their respective excess supply. The process repeats until there is no excess supply for any good. At that point bidders are awarded their quantities bid at the final prices.
While the underlying theory utilizes continuous clocks, bidding in real-world dynamic auctions normally occurs in discrete rounds. This, however, does not pose much of an obstacle to efficiency. What is needed is a mechanism for bidders in each round to express supply at intermediate prices between the starting and ending prices. This intra-round bidding enables the efficiency gains of continuous clocks. All that is lost is the withinround price discovery, but this is much less important than the price discovery between rounds, which is retained-and even enhanced-by a pause in the bidding, allowing time for the bidders to update their strategies in light of the new information.
An important element of the auction design is the activity rule, which limits bidding behavior in a way that is consistent with reasonable economic incentives. This promotes price discovery. In clock auctions for a single good, all that is required is a monotonicity condition: as prices fall, bidders can maintain the same quantity or reduce quantity, but cannot increase quantity. Thus, the bidding must be consistent with an upward-sloping supply curve. With many goods that are close substitutes, such a condition would be excessively harsh. In such auctions, it is best to group goods together that are strong substitutes and impose the monotonicity on the bidder's total quantity within the group. This enables bidders to arbitrage freely across goods within the group. Buyer substitution also can be addressed. For example, the buyer can specify price spreads across goods in a group and only specify the total quantity for the group. The quantity procured of each good within a group is then determined by both the suppliers' and buyer's preferences.
Market power is a final practical concern. This is addressed with three instruments available to the auctioneer. An information policy is established to limit the bidders' ability to adopt collusive strategies. Reserve prices and demand adjustments are used to limit the incentive for collusion and to guarantee reasonable procurement costs even if competition is weak or collusion is effective. Finally, the buyer can switch from uniform pricing to Vickrey pricing to avoid the inefficiencies created by market power under uniform pricing. When combined properly these three tools can address both the efficiency and procurement cost increases arising from market power.
Although simultaneous clock auctions are new, they have already been applied in high-stakes auctions in many countries. Applications have included electricity auctions in France, the US and Belgium, gas auctions in Germany, France and Austria, and environmental auctions in the UK.
For highly competitive auctions of items that are mostly substitutes, a simultaneous clock auction will perform well. Indeed a simultaneous clock auction may be the best approach, as it offers the greatest simplicity and transparency, while being highly efficient.
For more complex environments, we recommend the clock-proxy auction-a simultaneous clock auction followed by a last-and-final proxy round. The basic idea is to use anonymous linear prices as long as possible to maximize price discovery, simplicity, and transparency. The clock phase also greatly facilitates the bidders' cost analysis for the proxy round, because the analysis can be confined to the relevant part of the price space identified in the clock phase. Finally, unlike the simultaneous descending auction, the clock auction does not suffer from the exposure problem.
With limited competition or items with a complex and varied structure of complements, adding the proxy phase can improve the auction outcome. In particular, a core outcome is achieved. Buyer procurement costs are competitive and the allocation is efficient. The supply reduction incentive present in the clock phase is eliminated. Most importantly, adding the proxy round does no harm: in the simplest settings where the clock auction alone performs well, adding the proxy round should not distort the outcome. The proxy round simply expands the settings in which the auction performs well.
